The electroweak diboson production cross-sections are known to receive large radiative corrections beyond leading-order (LO), approaching up to ∼ 60% at next-to-leading order (NLO), compared to the scale uncertainties which are in the range 1-5% at LO. If the scale uncertainties are to be taken seriously, the NLO predictions are as much as ∼ 30σ away from their LO counterpart suggesting a very poor convergence of the perturbation theory. In this paper, we show that there is a second source of scale uncertainty which has not been considered in the literature, namely the complex phase of the scales, which can lead to large perturbative corrections. Using the formalism of soft-collinear effective theory, we resum these large contributions from the complex phase, finding that the scale uncertainties in fixed-order calculations can be grossly underestimated compared to the resummed predictions, which have uncertainties as large as 13-16% at LO. Even at NLO, we find that the scale uncertainties are marginally higher than previously estimated, depending on the choice of scale. Using our method of scale variation, the compatibility of LO and NLO results within the scale uncertainties is vastly improved so that the perturbation theory can be relied upon. This method of scale variation can be easily extended to beyond NLO calculations as well as other LHC processes.
I. INTRODUCTION
A precise understanding of the electroweak gauge boson pair-production at the LHC is critical for several reasons. First and foremost, many of the diboson processes are dominant backgrounds to Higgs production and its subsequent decays to Standard Model (SM) particles. A good understanding of the diboson background is therefore crucial in the measurement of the Higgs couplings to the SM particles. Secondly, diboson processes constitute an important test for the electroweak sector. And finally, diboson processes are often backgrounds to many new physics processes, making it challenging to distinguish one from the other.
In this paper, we focus on heavy electroweak vector boson pair-production channels, W + W − , ZZ and W ± Z, owing to their similar kinematics. The cross-sections measured by the ATLAS [1-6] and the CMS [7] [8] [9] [10] [11] collaborations in these channels at √ s = 7 TeV and 8 TeV LHC runs are compatible with the theory predictions within 2σ. Three measurements where the discrepancy exceeds 1σ level are the W ± Z measurements by CMS and the W + W − measurements by both ATLAS and CMS collaborations. The discrepancy in the W W channel is particularly compelling given that both ATLAS and CMS experiments observe an excess of ∼ 20% over the SM theory prediction, which has fueled speculations that new physics could be hiding in the W + W − measurements [12] [13] [14] [15] [16] [17] [18] [19] . In order to test the possibility of new physics mimicking the SM background, a precise theoretical understanding of the higher-order corrections to the SM diboson production is essential.
The study of higher-order corrections to diboson production has a long history, with the first NLO QCD corrections to W + W − , ZZ and W ± Z channels computed in [20, 21] , [22, 23] and [24] , respectively. Leptonic decays of dibosons without spin-correlations was studied in [25] . One-loop helicity amplitudes for leptonic decays of vector boson pair were computed in [26] , allowing for complete NLO computation in [27, 28] . The W + W − and ZZ crosssections also receive contributions from the gluon-fusion channel, which although formally NNLO, can be significant owing to large gluon parton distribution functions (PDFs) at the LHC. These corrections were calculated in [29, 30] with the corresponding leptonic decays included in [31] [32] [33] [34] [35] . The complete NLO calculations including leptonic decays, spin-correlations and gluon-fusion contributions, for all diboson channels, was presented in [36] . Recently, electroweak calculations have also been considered For W pair-production [37, 38] , and for ZZ and W ± Z production [39, 40] . NLO QCD corrections to W + W − and ZZ production with one jet have been computed in [41] [42] [43] and [44] , respectively, while W + W − + 2 jets calculations were considered in [45, 46] . Transverse momentum resummation effects in diboson production have been studied in [47] [48] [49] , while a jet-veto study for W + W − channel was presented in [50] . The threshold corrections arising from soft-gluon resummation were calculated in [51, 52] . Finally, the NNLO QCD corrections to W + W − and ZZ have been recently computed in [53] and [54] while the two-loop helicity amplitudes for all diboson channels have been calculated in [55] .
Every higher order QCD calculation discussed above includes powers of logarithms of the form log (−M 2 − i0 + )/µ 2 where M is the invariant mass of the diboson system and µ is the factorization scale, which is also the scale at which the PDFs are evaluated. Given that µ dependence of the cross-sections is primarily con- trolled by the logarithmic terms, µ ∼ M seems to be a reasonable choice to minimize the higher order corrections. Further, given that physical observables are µ-independent, one can estimate scale uncertainty in the cross-sections by varying µ. The scale uncertainties in diboson invariant mass distributions at LO and NLO shown in Fig. 1 are obtained by varying the renormalization scale, set equal to the factorization scale (µ = µ r = µ f ), as M/2 < µ < 2M .
1 Contrary to the naive expectations, the NLO perturbative corrections with K-factors in the range 1.4-1.7 [36] far exceed the scale uncertainties. If this scale uncertainty estimate is to be taken seriously, the NLO predictions are as much as ∼ 30σ away from their corresponding LO vales, suggesting that the perturbation theory is very poorly converging.
We argue that there is a second source of scale uncertainty which has not been considered in the literature. If the scale µ is allowed to be complex-valued, there is an additional parameter that must be considered for estimating the scale uncertainties, namely the complex phase of µ 2 . In fact, the logarithms in the higher-order corrections have a branch-cut along the negative real axis, so that µ 2 < 0 is preferred over µ 2 > 0 to minimize logarithms. This is slightly problematic though since the PDFs are necessarily evaluated at µ 2 > 0 leading to large π 2 terms when the logarithms are squared. Summation of π 2 terms has been known for a long time [56] [57] [58] [59] , and has been recently applied to the case of Higgs production at the LHC [60] . π 2 resummation calculations for diboson production have been performed in the context of threshold resummation for W ± Z and ZZ channels [52] , and jet-veto resummation for W + W − channel [50] .
The aim of this paper is to show that the variation in the phase angles of the complex renormalization scales is essential in order to estimate the true scale uncertainties. Just as the variation in the factorization scales is governed by the evolution of the PDFs, the variation of the phase angle will be governed by a different renormalization group (RG) equation, which we obtain using the formalism of soft-collinear effective theory (SCET) [61] [62] [63] [64] [65] [66] by generalizing the concept of π 2 -resummation, where the phase angle is fixed to (−π + 0 + ), to arbitrary phase angles. While we explicitly focus on heavy vectorboson pair production, our scale variation technique can be extended to any other process once its RG equation is known.
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This paper is organized as follows. In Section II, using the SCET construction for diboson production, we demonstrate that complex-valued scales, not only arise naturally in radiative corrections, but are also associated with large perturbative corrections. In Section III, the large perturbative corrections arising from the complex phases of the scales are resummed to all orders in perturbation theory for W + W − , ZZ and W ± Z processes, including gluon-fusion production channels, allowing us to study scale variation for complex scales. Finally, in Section IV, our scale variation technique is applied to diboson processes, and numerical results for the diboson production cross-sections are presented for √ s = 7, 8, 13 and 14 TeV LHC runs.
II. COMPLEX SCALES AND LARGE PERTURBATIVE CORRECTIONS
Any cross-section measurement at the LHC is characterized by a process-dependent hard-scale and one or more measurement-kinematics dictated soft-scale(s). For example, the hard-scale for diboson production is the invariant mass of the boson-pair, M and the soft-scale is Λ QCD for an inclusive measurement while jet-p T measurements introduce another intermediate soft-scale, p jet T . It is well known that the presence of multiple scales in the theory can lead to large logarithms of the ratio of the scales, which can render the perturbation theory invalid. Effective field theories, on the other hand, are adept at dealing with the problem of multiple scales by renormalization group (RG) evolution to a single scale, effectively providing a powerful technique to resum the large logarithms.
As already mentioned before, one such logarithm that appears in the radiative corrections to diboson processes is of the form α
, as we will explicitly show later in this section. The structure of the logarithm already motivates us to choose a complexvalued µ 2 . However, the factorization scales at which the PDFs are evaluated are always real valued, so that logarithms take the form α
Even for the choice of µ ≈ M , large perturbative corrections in the form of α n s π 2n terms remain. The question whether such π 2 terms should be resummed or treated as part of non-logarithmic corrections is a highly debated subject, which we will address later in Section III. Nonetheless, it is clear that there exists a hierarchy of scales in the complex µ 2 -plane that lead to large perturbative corrections and should be resummed. We will employ SCET to resum such terms in Section III but first, we set up the basic notation for diboson production in SCET formalism.
Consider the inclusive vector-boson pair production, pp → V V + X where V, V ∈ {W, Z} and X is any hadronic final state. We will primarily focus on the process→ V V which is the only production channel at LO. Throughout this paper, we extensively follow the SCET construction and notation used in [50] , which we refer to the interested readers for more details. Let us begin by writing down the SCET Lagrangian for V V production :
where µ are the spin and momentum dependent gaugeboson polarization vectors, p V and p V are the gaugeboson four momenta, and J , the SCET operator describing the interaction of incoming 'quark-jets' with the external outgoing gauge bosons, is given by
Here, χ c (χc) is a gauge-invariant collinear (anti-collinear) quark field in SCET 3 , Γ is a spinor structure explicitly defined in [50] and C µν is the Wilson coefficient of the SCET operator which is a function of gauge boson momenta, the RG scale µ as well as the spatial parameters t 1 and t 2 along the light-cone directions as allowed by the non-locality of the SCET operators. In the above expression, the spinor indices have been made explicit, while the color and flavor indices are implicit. The multipole expansion of the operators in Eq. (2), as dictated by requiring inclusive measurements, is slightly different from that in [50] where jet-veto condition is imposed. Nonetheless, the hard coefficients which appear in the factorized SCET cross-sections for→ V V production are the same in either case, and ultimately the only ingredients affected by the resummation in the complex µ 2 -plane, as we will show later. They are given by
where,C µν is the Fourier-transform of the position space Wilson coefficients C µν which appear in Eq. (2). For brevity, here and throughout the rest of the paper, the quark flavor, helicity and momentum dependence of the hard coefficients will be suppressed. Also implicit are the gauge-boson spin and momentum dependence on the RHS of the above equation, including the summation over the final state spins.
A typical SCET calculation for LHC observables involves computing the Wilson coefficients by matching the SCET operators to the full QCD at a hard scale µ h , and then RG evolving the coefficients to a factorization scale µ f at which the PDFs are evaluated, where the second step resums the large logarithms of the ratio µ h /µ f . For V V production, the hard coefficient at one-loop takes the following form at the matching scale µ h [50] :
where,
is the Bornlevel amplitude for the process→ V V , and M 1,reg is the one-loop amplitude for the same process with the IR poles subtracted using the MS scheme. As already discussed before, an optimal choice for the matching scale µ h that minimizes the higher order corrections arising from the logarithms [56] [57] [58] [59] [60] . On the other hand, the PDFs (or more generally 'beam-functions' [67, 68] for less inclusive observables) that multiply the hard coefficients in the crosssections are typically evaluated at factorization scales, µ f which are real valued, in contrast to our optimal choice of the matching scale which is phase-shifted by π in the complex µ 2 -plane. Therefore, even for the case µ f = |µ h |, there exists a hierarchy of scales in the complex µ 2 -plane leading to large perturbative corrections that need to resummed, which we discuss in the next section.
III. RESUMMATION AND SCALE VARIATION
Before we describe the resummation of large perturbative terms associated with the complex phase of µ 2 , let us define the hierarchy of scales more precisely. For a typical measurement involving V V final states, inclusive or otherwise, there are at least two scales in the problem: the hard scale, µ h and the factorization scale, µ f . 4 Given that µ h is complex-valued, the RG evolution of the hard coefficients can be realized as a two step process, C(µ h ) → C(|µ h |) → C(µ f ). In this paper, we will consider inclusive cross-sections so that it is reasonable to set µ f = |µ h | ≡ µ. For less inclusive measurements, such as imposing jet-veto [50] , we have µ f = |µ h | so that the evolution C(|µ h |) → C(µ f ) must also be considered. Nevertheless, the first RG running, C(µ h ) → C(|µ h |) essentially decouples from the second RG running, C(|µ h |) → C(µ f ), so that our analysis can be trivially extended to less-inclusive measurements.
Let us define µ ≡ µ f = |µ h | and µ 2 h = µ 2 e iΘ , where Θ ∈ (−π, π) is the complex phase angle. In the last section, we showed that the logarithms L M (µ h ) present in the hard matching coefficient are minimized for µ = M and Θ = −π + 0 + . While the effective field theory dictates the choice of the hard matching scale to be the scale of the hard interaction such that µ = O(M ) and Θ = O(−π), there is nonetheless an ambiguity associated with the choice of the hard scale parameters, µ and Θ, since the contribution of non-logarithmic terms in Eq. (4) maybe sizable. On the other hand, total cross-section, being a physical observable, is independent of the choice of matching scale. Therefore, this ambiguity in the choice of matching scale parameters should be reflected as scale uncertainty in the theory prediction.
Variation of the hard scale in the complex µ 2 -plane is shown in Fig. 2 , where the shaded annulus corresponds to the region M/2 < µ < 2M and −π < Θ < π. If the nonlogarithmic terms in Eq. (4) were completely dominant over the logarithmic ones, there would be no preferred value of Θ. On the other extreme, if logarithmic terms were completely dominant, Θ = −π + 0 + would be the ideal choice. Numerically, for the diboson processes, we find that π 2 terms arising from the logarithms account for nearly a half of the total NLO corrections, so that the situation is somewhere in between. With these considerations in mind, to estimate the scale uncertainties for diboson processes, we select the region −π < Θ < 0 as indicated by the green hatched region in Fig. 2 . This is to be contrasted with the fixed-order calculations which have Θ = 0 on one hand, and π 2 -resummation calcula- 4 More generally, one can consider a soft scale µs ∼ Λ QCD but we assume that the evolution from µ = µs to µ = µ f is accounted by the PDF running. This is true when the 'threshold corrections' from soft-emissions are small, which has been shown for the diboson processes [51, 52] . tions which select Θ = −π + 0 + on the other hand. For the process→ V V , the scale dependence of the hard coefficients in Eq. (3) follows from that of the Wilson coefficients, which in turn satisfy the following RG equation :
where Γ cusp F is the cusp-anomalous dimension which resums double logarithms while γ F is the anomalous dimension which resums single logarithms. Both Γ cusp F and γ F implicitly depend on µ through α s . The anomalous dimensions appearing in the RG equation above are universal for class of processes which have colorless final states (not counting emissions from initial state quarks), and therefore identical for all diboson production processes and Drell-Yan.
A subtlety that emerges from the RG running between the scales µ h and µ f is that the strong coupling α s (µ) must now be defined in the complex µ 2 -plane with a branch cut along the negative real axis. As long as the contours of integration are sufficiently away from the Landau pole in the complex µ 2 -plane, α s (µ) is welldefined along such contours. Using the definition of QCD beta function β(α s ) and performing contour integration, a particularly useful result can be obtained [60] :
For the purpose of power counting in α s , we shall treat |Θ| ∼ O(α −1 s ) although numerically Θ can also be zero. Eq. (6) allows us to compute the complex couplings α s (µ h ) in terms of the real couplings α s (µ), where the latter can be computed in a standard way. At NLO, we have the following relation :
where a(µ) = β 0 α s (µ)/4 and β 0 = 11/3 C A − 4/3 T F n f with C A = 4, T F = 1/2 and n f is the active number of flavors which we take to be five. Numerically, since a(µ) ≈ 0.2, Eq. (7) is a good approximation even at NNLO.
Having addressed the subtleties associated with complex values of µ 2 , we can solve the RG equation in Eq. (5) to evolve the Wilson coefficients from µ = µ h to µ = μ
where, the analytical expression for the evolution kernel U can be found in [50, 69] . Counting Θ as O(α −1 s ) and neglecting O(α s ) and higher-order terms in log U, to a good approximation we have [60] ,
In the above equation, Γ
where, C F = 4/3 and the remaining symbols have already been defined below Eq. (7). It has been shown in [60] that the impact of including O(α s ) and higherorder terms in log |U| 2 is small so that Eq. (9) is a good approximation even at higher-orders. Before concluding this section, we briefly comment on the diboson production from the gluon-fusion channel.
Gluon-induced Diboson Production

W
+ W − and ZZ production cross-sections get contributions from gg channel, which although formally NNLO, can be sizable at the LHC owing to large gluon PDFs. Although higher-order corrections to the process gg → V V are currently unknown, they are expected to be large, as has been established for the case of Higgs production in the gluon-fusion channel where the NNLO K-factors can be as big as ∼ 2.5. In [60] , it was shown that the bulk of such large K-factors stem from the π 2 enhanced terms. It is then reasonable to expect that the scale uncertainties in the theory predictions for gg → V V process would be grossly underestimated if the scale variation in the complex µ 2 -plane is not considered. The origin of large perturbative correction from complexvalued scales in gluon-induced diboson production as well as their resummation is identical to the arguments presented above for thechannel, which we briefly outline below.
The SCET Lagrangian for the gg → V V process is similar to Eq. (1) with the SCET operator J now describing the interaction of incoming 'gluon-jets' with the outgoing electroweak gauge bosons. Analogous to Eq. (2), J is constructed using gauge-invariant collinear and anticollinear SCET gluon fields, A µ c and A μ c . The hard coefficients analogous to Eq. (3) are only known at LO for the gg → V V processes, however, their RG evolution is identical to that of the hard coefficient for the Higgs production, gg → h. Therefore, it is possible to resum the large perturbative terms associated with the complex phase of µ 2 , so that a realistic estimate of the scale uncertainty can be obtained. The evolution kernel U(µ, µ h ) required for the computation can be found in [60] , which to a good approximation is given by
where, Γ To summarize this section, we have calculated the evolution kernels U(µ, µ h ), which resum the large perturbative corrections arising from the complex phase of the hard scale µ h . In the next section, we will show how to combine these kernels with the existing LO and NLO codes such as MCFM, to estimate the true scale uncertainties and the central values for theory prediction of the diboson cross-sections.
IV. RESULTS
In order to incorporate our scale variation technique into existing fixed-order calculations, we require differential cross-sections in M . Presently, only NLO→ V V and LO gg → V V differential distributions are publicly available. All our numerical results will extensively use the MCFM program for extracting the fixed-order differential cross-sections with MSTW2008 [70] as the choice for PDF sets. Implementing scale variation in the full complex µ 2 -plane requires computation of cross-section where the large perturbative corrections from the complex phase, Θ have been resummed. At LO, this is implemented as follows:
where, U(Θ, µ, M ) ≡ U(µ, µ h ) is the evolution kernel defined in Eq. (9) for thechannel and Eq. (11) for the gg channel. The computation of kernels requires α s (µ) which we obtain from NNLO PDF sets. The differential cross-section on the RHS of the above equation is obtained from MCFM using LO PDF sets with the factorization scale µ f = µ. By varying the parameters M/2 < µ < 2M and −π < Θ < 0, we therefore obtain the scale variation in the complex µ 2 -plane. Implementation of our method at NLO follows similarly, however, appropriate subtractions must be made to avoid double-counting since O(α s ) contributions associated with the phase Θ are already a part of NLO. To do so, we remove O(α s ) expansion of the kernels U from the fixed-order NLO results, before implementing resummation. We therefore arrive at the following formula for the process→ V V at NLO:
where, all quantities in the square bracket are computed using NLO PDF sets. The differential cross-sections on the RHS of the above equation are again obtained from MCFM by setting the renormalization and factorization scales as µ r = µ f = µ. We are now in a position to present the numerical results for diboson production using our scale variation method. Table I but for W ± Z production. There is no gluon-fusion production channel for this process.
tion at different center of mass energy LHC runs are presented in Table I, Table II and Table III , respectively. The gluon-fusion contribution for W + W − and ZZ processes is also shown in these tables. Besides the scale uncertainties shown in the tables, there are additional theoretical uncertainties of ∼ 3-4% from the PDFs. In Fig. 3 , LO and NLO differential cross-sections are shown for W + W − , ZZ and W + Z production in thechannel at √ s = 8 TeV LHC run using the complex scale variation technique described earlier in this section. This is to be contrasted with Fig. 1 where traditional approach (M/2 < µ < 2M ) for estimating the scale uncertainties was followed. We conclude with the following remarks:
• First and foremost, we find that the scale uncertainties are grossly underestimated in Fig. 1 , corroborating our argument that variation in the full complex µ 2 -plane must be considered in order to estimate the true scale uncertainties. As can be seen in Fig. 3 , the effect is striking at LO, with uncertainties in the range 13-16% in contrast to the traditional approach which estimate the uncertainties to be 2-4%. This is particularly relevant for diboson production in gluon-fusion channels which, although formally NNLO, is absent at lower orders, thus suffering from the same scale uncertainty underestimation issues as LOchannel. Even at NLO, the scale uncertainties using our method are 3-4% higher compared to previous fixed-order estimates with M/2 < µ < 2M . Most importantly, NLO predictions for all diboson processes are now less than 5σ away from their LO value, giving us confidence in the reliability of the perturbation theory.
• Owing to the large scale uncertainties in our method of scale variation, the central value predictions for LO and NLO cross-sections are also altered. We assign the central value to be the center of the uncertainty band so that all the numerical results presented in this section have symmetrical error bars. Our best prediction for LO cross-sections are 15% (46%) higher than the previous fixed-order predictions for(gg) channel. At NLO, we find a marginal increase of 3-4% for thechannel.
• Up to this point, we have compared our results with fixed-order calculations that use dynamic scales, M/2 < µ < 2M . We now compare our results with fixed-order predictions that use a rather adhoc choice for the renormalization and factorization scales m/2 < µ < 2m, where m is the average mass of the vector bosons V and V [36] . At LO, the fixed-order calculations fail miserably as expected, predicting scale uncertainty as low as 1%. However, at NLO, the fixed-order calculations work surprisingly well with their central-value predictions within 2% of our results for all diboson processes. The scale uncertainties in these calculations are marginally underestimated by 2-4% with the largest discrepancy with our method arising for the W ± Z process. In general, we expect that our method assigns larger scale uncertainty to processes with large K-factor.
• While we have consistently used LO PDF set for LO cross-sections and NLO PDF set for NLO crosssections, it is worthwhile to gauge the impact of the order of PDF on higher-order corrections. In Fig. 4 , we present our results using NLO PDF set for both LO and NLO computations. Clearly, a significant portion of higher order corrections to diboson processes is driven by the radiative corrections to the PDF.
• As we already discussed, closely related calculations have appeared in the literature before under the name of π 2 -resummation, where the complex phase is held fixed at Θ = −π + 0 + . π 2 -resummation for ZZ and W ± Z channels was performed in [52] leading to an increase over fixedorder NLO predictions by 4% and 8% respectively. Given that we vary −π < Θ < 0, such an enhancement appears as an upper limit of our scale variation, with an increase in our central value prediction being nearly half of that from π 2 -resummation. Similar calculations for W + W − production in the 0-jet bin [50] reveal impact of π 2 -resummation resummation to be ∼ 7% beyond NLO, thus partly explaining the slight excess in the W + W − crosssection measurement compared to the theory prediction 5 .
• Recently, NNLO calculations have been performed for W + W − [53] and ZZ [54] processes, although differential distributions in M are not publicly available so that our scale variation technique can not be applied at the moment. It would nevertheless be an interesting check if the choice of scale considered in these calculations, m/2 < µ < 2m, can mimic our method even at NNLO. It should be noted that the increase beyond NLO from π 2 -resummation discussed above is comparable to that from full NNLO calculations for both W + W − and ZZ channels suggesting that π 2 terms dominate even beyond NLO. We have already pointed out that there are production channels, which open up only at higher orders, for which scale uncertainties would be underestimated. One such channel is the gluon-fusion mode at NNLO for which we have explicitly presented the central value and the scale uncertainties.
• Finally, we point out that our scale-variation technique can be easily incorporated when considering other higher order calculations to diboson processes by simply modifying Eq. (13) . For fixed order calculations, one simply has to replace dσ /dM , while for resummation calculations, the evolution kernel U also gets modified. In particular, there are two scenarios where large perturbative corrections from complex-phase of the scales is partially cancelled at large M . As shown in [37] [38] [39] [40] , for large M , electroweak Sudakov logarithms of the form α log 2 (M V /M ) and α log(M V /M ) can lead to large negative corrections to diboson cross-sections. Another scenario where cancellation at large M is realized is the presence of jet-vetoes, where logarithms of the form α s log 2 (p veto T /M ) and α s log(p veto T /M ) again lead to large negative corrections [50] . Further, our method of scale variation can be easily extended to beyond NLO calculations as well as to other LHC processes, involving more complicated colored structures in the final states.
